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02 UNRAMIFIED BRAUER GROUPS OF FINITE SIMPLE
GROUPS OF LIE TYPE Aℓ
FEDOR BOGOMOLOV, JORGE MACIEL, AND TIHOMIR PETROV
Abstract. We study the subgroup B0(G) of H
2(G,Q/Z) consist-
ing of all elements which have trivial restrictions to every Abelian
subgroup of G. The group B0(G) serves as the simplest nontrivial
obstruction to stable rationality of algebraic varieties V/G where V
is a faithful complex linear representation of the group G. We prove
that B0(G) is trivial for finite simple groups of Lie type Aℓ.
Contents
Introduction 1
2. The group B0(G) 3
3. Simple groups and H2(G,Q/Z) 8
4. The group SL(n, F ) as a central extension 10
5. Special simple groups of Lie type Aℓ 11
References 14
Introduction
In this article we answer a group-theoretical question related to the
problem of stable rationality of quotient spaces V/G where G is a finite
(algebraic) group and V is a faithful complex linear representation of
G. In algebraic terms, rationality of V/G means that the field of in-
variants C(V )G is a pure transcendental extension of the constant field
C, and stable rationality means that there exist a finite number of inde-
pendent variables y1, . . . , yk such that C(V )
G(y1, . . . , yk) becomes a pure
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transcendental extension of C. Simple argument (based on the geometric
version of Hilbert-90 theorem) shows that stable rationality of V/G does
not depend on an individual faithful representation V of G but only on
the group G itself. Explicit computations of invariants show that the
varieties V/G are rational in some nontrivial cases like, for example, the
standard representation of the symmetric group Sn.
However, this is not true in general. The first examples of nonrational
and even nonstably rational varieties V/G were obtained by D. Saltman
[S]. These solutions of the so-called Noether problem were obtained by
showing that some birational invariant, which we denote by B0(G), is
nontrivial for some series of groups G. For any finite group G, B0(G)
is the subgroup of H2(G,Q/Z) consisting of all elements having trivial
restriction on every Abelian subgroup of G. It was shown in [Bo88, Bo90]
that B0(G) coincides with geometric birational invariant of a smooth
projective model V˜/G for V/G, the so-called unramified Brauer group,
introduced earlier by Artin and Mumford [AM]. Namely,
B0(G) = Brnr(V/G) = H
3(V˜/G,Z)tors.
This fact reduces the computation of the Artin-Mumford invariant V/G
to a purely group-theoretical question.
The group B0(G) is, in fact, the first of the series of birational invari-
ants H inr(G) of the varieties V/G constructed via group cohomology (see
[CO] for general definitions and properties, and also [Bo88, Bo93]). In
this notation, B0(G) = H
2
nr(G).
However, some results and conjectures in algebraic geometry indicate
that for finite simple groups this kind of birational invariants must vanish.
Our leading hypotheses are the following:
Hypothesis 1.1. For any finite simple group G the quotient V/G is
stably rational.
There is no much evidence to support this statement and, at the mo-
ment, there are no methods to approach this problem except for the
group A5 = PGL(2, F4) where it holds.
Hypothesis 1.2. For any finite simple group G the nonramified coho-
mology groups H inr(G) = 0.
In this article we test this general hypothesis, formulated in [Bo93], for
the first nontrivial invariant B0(G) = H
2
nr(G) in the case of finite simple
groups G of Lie type Aℓ and show that indeed B0(G) = 0 for all such
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groups. Every group of Lie type Aℓ is isomorphic to the projective spe-
cial linear group PSL(n, Fq) over a finite field Fq, and the corresponding
second cohomology groups can be found in [Go].
Acknowledgments. We would like to thank Arnaud Beauville for
pointing out an error in the proof of Lemma 4.1, part (2), in the initial
version. The first and the third authors were partially supported by NSF
grant DMS-0100837. The second author was supported by the Instituto
Politecnico Nacional - Mexico.
2. The group B0(G)
In this section we briefly recall some basic properties of B0(G). Let G
be a group and H2(G,Q/Z) be the set of equivalence classes of central
extensions
0 −→ Q/Z
i
−→ G˜
j
−→ G −→ 1
of G by Q/Z. For any G-module Q/Z, elements of H2(G,Q/Z) classify
central extensions of the above type. Let A be the set of all Abelian
subgroups of G.
Definition 2.1. The subgroup B0(G) of H
2(G,Q/Z) is defined by
B0(G) := {γ ∈ H
2(G,Q/Z) | γ |H= 0 for all H ∈ A}.(2.1)
Lemma 2.2. Let G be a group and
0 −→ Q/Z
i
−→ G˜
j
−→ G −→ 1
be an extension of G by Q/Z. Let A be an Abelian subgroup of G. For
the restriction
0 −→ Q/Z
i
−→ A˜
j|
A˜−→ A −→ 1
to be trivial, it is necessary and sufficient that A˜ be an Abelian group.
Proof. An element γ′ ∈ H2(A,Q/Z) is trivial if and only if the corre-
sponding extension A˜ of A is an Abelian group. It is clear that the triv-
ial extension is an Abelian group since it is a direct product of Abelian
groups. To prove the triviality of the extension A˜ it is sufficient to find a
section s : A→ A˜. If x ∈ A has order n, then there is an element x˜ ∈ A˜,
with j(x˜) = x, of order n. To find such an element first we take any y
with j(y) = x. Then yn ∈ Q/Z. We have the following possibilities
• If yn = 0, then we set x˜ := y;
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• If yn 6= 0, then yn = an, where a ∈ Q/Z, since the group Q/Z is
infinitely divisible. Now we can take x˜ := ya−1.
Hence for any cyclic subgroup in A we can find a section s. Since A is a
direct sum of cyclic groups, the sum of these sections provides a section
for A. Therefore, A˜ is a semi-direct product of A and Q/Z, but since
it is also a central extension, it is a direct product. This implies that A˜
is a trivial central extension of A if and only if A˜ is an Abelian group.
Therefore, the fact that the preimage A˜ = j−1(A) is an Abelian group
is equivalent to the triviality of the restriction of γ ∈ H2(G,Q/Z) on
A. 
Corollary 2.3. Let G be a group and X be the set of subgroups of G
generated by two elements whose commutator is the identity element of
G. Then
B0(G) = {γ ∈ H
2(G,Q/Z) | γ |H= 0 for all H ∈ X}.
The description above also yields a simple criterion for an element γ
of H2(G,Q/Z) not to lie in B0(G). Let G˜ be a central Q/Z-extension of
G defined by γ ∈ H2(G,Q/Z). Denote by Kγ ⊂ Q/Z the subgroup in
Q/Z which lies in the kernel of every character G˜ → Q/Z. The group
Kγ is always a finite cyclic group.
Corollary 2.4. An element γ of H2(G,Q/Z) does not belong to B0(G)
if and only if some element of Kγ can be represented as a commutator of
a pair of elements a, b ∈ G˜.
Proof. If γ ∈ B0(G) then the preimages of any commuting pair of ele-
ments in G commute in G˜ as well. Thus if a nonzero element h ∈ Kγ can
be represented as h = aba−1b−1, then the elements j(a) and j(b) com-
mute, but a and b do not. This implies that γ is not in B0(G). Notice
that any character of G˜ is trivial on aba−1b−1, and hence any element of
the form h = aba−1b−1 always belongs to Kγ . 
Corollary 2.5. If the generator of Kγ is represented as a commutator
aba−1b−1, then any quotient of G˜ by a cyclic subgroup of Q/Z represents
a central extension of G which is not in B0(G).
Lemma 2.6. Let G be a finite group and
H2(G,Q/Z) =
⊕
p
H2(G,Q/Z)(p)
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be the primary decomposition of H2(G,Q/Z), where by H2(G,Q/Z)(p)
we denote the p-primary component of H2(G,Q/Z).
(1) We have
B0(G) =
⊕
p
B0,p(G),
where B0,p(G) := B0(G) ∩H
2(G,Q/Z)(p).
(2) For every Sylow p-subgroup Sylp(G) of G we have an embedding
B0,p(G) ⊂ B0(Sylp(G)).
Proof. The assertion (1) is a consequence of the fact that a central ex-
tension of a finite Abelian group is nilpotent and therefore decomposes
into a direct product of p-groups.
The statement in (2) follows from the fact that we have an embedding
from H2(G,Q/Z)(p) into H
2(Sylp(G),Q/Z). 
Corollary 2.7. Let G be a finite group and let Sylp(G) be a Sylow p-
subgroup of G. If Sylp(G) is an Abelian group, then
B0,p(G) = 0.
Proof. We have B0,p(G) ⊂ B0(Sylp(G)) but the latter is zero since Sylp(G)
is Abelian. 
We will also use several results concerning p-groups from [Bo88].
Let G be a central extension of an Abelian group A with a center
C = [G,G]. There is a natural map Λ2A→ C where
Λ2A := {x ∧ y | x, y ∈ A}.
The wedge operation is bilinear, and x∧x = 0. It maps x∧y to x˜y˜x˜−1y˜−1
where x˜ and y˜ are any two preimages of x and y, respectively, in G. We
denote by S the kernel of the map Λ2A → C. Obviously, this is a
subgroup of Λ2A. Consider the elements of the form x ∧ y ∈ S and
denote by SΛ ⊂ S the subgroup in S generated by these elements.
Lemma 2.8. Let f : G → A be a central extension of an Abelian group
A by C. Then
(1) The group B0(G) is contained in the image
f ∗H2(A,Q/Z) ⊂ H2(G,Q/Z).
(2) The group B0(G) is naturally dual to S/SΛ where S is the kernel
of the homomorphism Λ2A → C given by commutators. The
group SΛ is generated by elements of the form xyx
−1y−1 ∈ S.
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Proof. See [Bo88], Lemma 5.1. 
There are also several results for the more general case of meta-Abelian
groups.
Lemma 2.9. Let G be an extension of a cyclic group by an Abelian
group. Then B0(G) = 0.
Proof. See [Bo88], Lemma 4.9. 
This result serves as a tool to compute B0(G) for some meta-Abelian
groups.
Let G be a finite meta-Abelian group, A = G/[G,G], and f : G → A
be the canonical projection. Denote by Gc the quotient G/[G, [G,G]].
Let S be the kernel of the linear map Λ2A→ Gc and S
′
Λ be the subspace
in S generated by elements x ∧ y, where x, y ∈ A, such that there is a
pair x′, y′ ∈ G with f(x′) = x, f(y′) = y, and [x′, y′] = 1.
The exact sequence of groups
1 −→ [G,G] −→ G
f
−→ A −→ 1
defines the spectral sequence
Ep,q2 (G) := H
p(A,Hq([G,G],Q/Z))
which computes the group H2(G,Q/Z). This spectral sequence provides
H2(G,Q/Z) with a filtration
f ∗H2(A,Q/Z) ⊂ K ⊂ H2(G,Q/Z),
so that the quotient H2(G,Q/Z)/K restricts nontrivially on [G,G] and
K/f ∗H2(A,Q/Z) admits an injective map
r : K/f ∗H2(A,Q/Z) −→ H1(A,Hom([G,G],Q/Z)).(2.2)
This filtration is functorial with respect to the group homomorphisms.
Namely, if A′ ⊂ A is a subgroup then denote the subgroup
i : f−1A′ →֒ G,
as G′. Then we have an embedding G′ →֒ G, and a natural cohomology
map
i∗ : H2(G,Q/Z) −→ H2(G′,Q/Z).
This map is a map of filtered groups. Namely, if
1 −→ [G,G] −→ G′
f1
−→ A′ −→ 1
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is the exact sequence of groups for G′, induced from the corresponding
sequence for G, then we obtain a natural homomorphism of spectral
sequences
Ep,q2 (G) −→ E
p,q
2 (G
′),
which is the restriction map
Hp(A,Hq([G,G],Q/Z)) −→ Hp(A′, Hq([G,G],Q/Z)).
This provides the map between cohomology with an invariant filtration.
Namely, if
f ∗1H
2(A′,Q/Z) ⊂ K ′ ⊂ H2(G′,Q/Z)
is the induced filtration on H2(G′,Q/Z), then i∗ maps K ′ to K, and
f ∗H2(A,Q/Z)→ f ∗1H
2(A′,Q/Z).
Consider the case of the cyclic subgroup A′ = Z
(i)
m ⊂ A. Denote by σi
the natural restriction map
σi : H
1(A,Q/Z) −→ H1(Z(i)m ,Hom([G,G],Q/Z)),
and by σ the sum of such maps over all cyclic subgroups in A. The
next result is a weaker version of Theorem 4.2 in [Bo88] which is better
adapted to our setting.
Lemma 2.10. Consider the map
σ : H1(A,Hom([G,G],Q/Z)) −→
∑
H1(Zm,Hom([G,G],Q/Z))(2.3)
where Zm ⊂ [G,G] runs through all cyclic subgroups of [G,G]. If σ
is an embedding, then the group B0(G) ⊂ f
∗H2(G,Q/Z) and B0(G) =
(S/S ′Λ)
∗.
Proof. The image f ∗H2(A,Q/Z) is identified with the space of linear
functionals on S. By definition, an element f ∗(a) belongs to B0(G) if
for every Abelian subgroup B ⊂ G with two generators the restriction
f ∗(a) |B= 0. We have to check this property only for subgroups B which
project onto a subgroup with two generators in A. Thus the intersection
of B0(G) and f
∗H2(A,Q/Z) is equal to (S/S ′Λ)
∗.
The group B0(G) is contained in K since, by definition, every element
of B0(G) restricts trivially on the Abelian group [G,G]. We want to
show that B0(G) belongs to the kernel of the map r on K. Assume the
contrary, that γ ∈ K and r(γ) 6= 0. If γ /∈ Ker(r) then, by assumption
on the injectivity of σ, there is a cyclic subgroup Z
(i)
m ⊂ A such that
(σi ◦ r)(γ) 6= 0. This implies that the restriction of γ on G
′ = f−1(Z
(i)
m ) ⊂
G is nontrivial, but by Lemma 2.9, the group B0(G
′) = 0.
8 FEDOR BOGOMOLOV, JORGE MACIEL, AND TIHOMIR PETROV
Therefore, if γ ∈ B0(G) then i
∗(γ) = 0 for any cyclic subgroup in A.
Hence, by our assumption on the A-module Hom([G,G],Q/Z), we obtain
that B0(G) ⊂ Ker(r) and therefore it belongs to f
∗H2(A,Q/Z).
The image f ∗H2(A,Q/Z) is identified with the space of linear function-
als on S. By definition, an element f ∗(a) belongs to B0(G) if for every
Abelian subgroup B ⊂ G with two generators the restriction f ∗(a) |B= 0.
We have to check this property only for subgroups B which project onto
a subgroup with two generators in A. Thus the intersection of B0(G)
and f ∗H2(A,Q/Z) is equal to (S/S ′Λ)
∗. 
From Lemma 5.6 in [Bo88] we also easily obtain
Corollary 2.11. Any p-group G with B0(G) 6= 0 has order ≥ p
6.
3. Simple groups and H2(G,Q/Z)
The invariant B0(G) ⊂ H
2(G,Q/Z) has an analogue, denoted by
H inr(G), for group cohomology in any dimension. For more details we
refer to [CO],[C], [Bo88], and [Bo93]. In this notation, B0(G) = H
2
nr(G).
According to the Bloch-Kato conjecture [BK] all the cohomology of Ga-
lois groups of algebraic closures of functional fields are, roughly speaking,
induced from the Abelian quotients of these Galois groups. A more geo-
metric version of these conjectures (for example, see [Bo88, Bo93]) is that,
in fact, most of the finite birationally invariant classes in the cohomology
of algebraic varieties are induced from the similar birational classes of
special p-groups. Somehow it looks like finite simple groups do not pro-
duce nontrivial birational invariants of algebraic varieties which leads to
the general hypothesis that all nonramified cohomology of a finite simple
group are trivial (see [Bo88]).
Unfortunately, the computation of general nonramified cohomology
groups is a highly nontrivial task. However, there is a description of
all groups H2(G,Q/Z) for all finite simple groups G (see [Go], [Gr]).
This fact, together with the rather well understood structure of Sylow
subgroups of finite simple groups, leads to the following conjecture, which
is a particular case of the general hypotheses stated above:
Conjecture 3.1 (Bogomolov [Bo93]). If G is a finite simple group, then
H2nr(G) = B0(G) = 0.(3.1)
By now the complete list of finite simple groups G is well known. It is
contained, for example, in [Go]. Apart from a finite number of sporadic
UNRAMIFIED BRAUER GROUPS OF FINITE SIMPLE GROUPS 9
groups all the other are of Lie type. They are parameterized by a finite
number of infinite series depending on the rank of the corresponding Lie
algebra and on the finite base field Fq.
Thus any of the simple groups of Lie type has a naturally attached
prime number. The advantage of using a simple group G is that there is
a uniquely defined covering group G˜. The group G˜ is a finite universal
nontrivial central extension of G with the group H2(G,Q/Z) as a center,
so that any central extension G′ of G with [G′, G′] = G′ is a quotient of
G˜.
All the groups H2(G,Q/Z) are also listed (see [Go]). The general fea-
ture of the corresponding list is that most of the groups in H2(G,Q/Z)
which appear for a given group G in the series are related to a central
extension of the corresponding algebraic Lie groups. The relevant central
extensions have a very simple description. It is easy to show that they de-
fine trivial elements in B0(LG) for a Lie group LG over complex numbers
(see [Bo88], [Bo90]). Similarly, in each Lie series of finite groups, apart
from a finite number of cases, we have a description of the corresponding
extension in terms of Lie groups.
In this article we prove this result for finite simple groups of Lie type
Aℓ where the groups are PSL(n, Fq). The group SL(n, Fq) is a covering
group for all PSL(n, Fq) except for the following cases:
(n, q) = (2, 4), (2, 9), (3, 2), (3, 4), (4, 2).(3.2)
Therefore, our strategy will be the following:
• First, we consider the general case when SL(n, Fq) is the universal
cyclic extension of PSL(n, Fq) by the cyclic group Zgcd(n,q−1) where
the group Zgcd(n,q−1) is represented by diagonal matrices. To prove
the result in this case it is sufficient to represent the generator
µp of any Sylow subgroup Zpn , where p is a prime, of diagonal
Zgcd(n,q−1) matrices as a commutator ABA
−1B−1, where A,B ∈
SL(n, Fq).
• Second, we consider the above five exceptional pairs (3.2). Here
we do not know the exact description of the corresponding cen-
tral extension. We prove the theorem by establishing a stronger
result that B0(Sylp(G)) = 0 for all prime p dividing the order of
H2(G,Q/Z).
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4. The group SL(n, F ) as a central extension
Let F be a field and let µ be a primitive pn-th root of unity in F .
Lemma 4.1. Assume that m is divisible by pn where p is prime. The
scalar matrix µIm, which belongs to the center of SL(m,F ), can be writ-
ten in a commutator form [A1, B1] = A1B1A
−1
1 B
−1
1 , where A1, B1 ∈
SL(m,F ).
Proof. We have the following possibilities:
(1) Let p be an odd prime and A,B be two square matrices of order
pn over the field F such that A = (ai,j) = (δi,jµ
i), and B = (bi,j)
with bi,i+1 = bpn,1 = 1, and bi,j = 0 otherwise. Then A and B
belong to SL(pn, F ), and [A,B] = ABA−1B−1 = µIpn.
(2) If p = 2 and n = 1, then the matrices A =
(
a b
b −a
)
, where a2+b2 =
−1, and B = ( 0 1−1 0 ) satisfy the required condition. For a finite
field Fq, with q odd, such a and b always exist. If F = Fq and
q = 4k + 1 then −1 is a square and we can take a = i, where
i2 = −1, and b = 0. If q = 4k + 3 then the set of all elements
of the form x2 + y2 coincides with Fq. Indeed, it contains all
quadratic residues x2, and it is invariant under the multiplication
by an arbitrary element z2, where z ∈ Fq. Therefore, if it contains
at least one non-quadratic element, then it coincides with Fq. If
not, then quadratic residues form an additive subgroup in Fq.
However, Fq does not have an additive subgroup of index 2 for
odd q. Therefore, Fq is the set of elements of the form x
2 + y2.
In particular, there are a and b such that a2 + b2 = −1, and they
provide entries for A.
(3) If p = 2 and n > 1, we select A = σ1X and B = Y σ2 where X and
Y are diagonal matrices and σ1, σ2 are commuting permutations.
There are many such pairs. For example, we can decompose 2m
coordinates into two groups of order 2m−1 and take the diagonal
matrix X to be [1, 1, . . . , i], [1, 1, . . . ,−i] on the main diagonal,
where brackets show the boundaries of each block. Similarly, take
Y to be [1, µ, . . . , µ2
m−1−1], [µ, µ2, . . . , µ2
m−1
]. The permutation σ1
has order 2 and permutes these two blocks of variables, and σ2
permutes variables cyclically within each block. Then A,B ∈
SL2m(F ) and [A,B] = ABA
−1B−1 = µI2m
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(4) If m is divisible by pn, then matrices A1 and B1, consisting of
m/pn diagonal blocks of matrices A and B respectively, also sat-
isfy the relation [A1, B1] = A1B1A
−1
1 B
−1
1 = µIm.
The lemma follows. 
Corollary 4.2. Any element of the group H2(PSL(n, F ),Q/Z) that de-
fines a central extension of PSL(n, F ) which is isomorphic to the quo-
tient SL(n, F )/Zh, where Zh is a central subgroup, does not belong to
B0(PSL(n, F )) (see Corollary 2.4). In particular, B0(PSL(n, F )) = 0
unless the pair (n, q) is one of the five exceptional cases in (3.2).
This finishes the proof of our theorem in the general case.
5. Special simple groups of Lie type Aℓ
Consider the remaining cases. These are the following groups:
(1) G1 = PSL(2, F4), H
2(G,Q/Z) = Z2
(2) G2 = PSL(2, F9), H
2(G,Q/Z) = Z2 ⊕ Z3
(3) G3 = PSL(3, F2), H
2(G,Q/Z) = Z2
(4) G4 = PSL(3, F4), H
2(G,Q/Z) = Z3 ⊕ Z4 ⊕ Z4
(5) G5 = PSL(4, F2), H
2(G,Q/Z) = Z2
Lemma 5.1. In the cases (1)− (3) above the group B0(G) = 0.
Proof. In the cases (1)−(3) the relevant Sylow p-groups have order < p6,
and therefore, by Corollary 2.11, B0(G) = 0. 
Lemma 5.2. The group B0(G4) = 0.
Proof. Consider first the element of order 3 in H2(G4,Q/Z). The cor-
responding central extension of G4 = PSL(3, F4) is the group SL(3, F4),
and hence, by Lemma 4.1, the element of order 3 does not belong to
B0(G4). Similar result for the elements order 2 and 4 in H
2(G4,Q/Z)
follows from the following more general result. 
Lemma 5.3. The group B0(Syl2(G4)) = 0.
Proof. The group Syl2(G4) is a central extension of the Abelian group
F 24 = Z
4
2 by F4 = Z
2
2. Thus we again can use the general formula
B0(Syl2(G4)) = (S/SΛ)
∗. We have two generators 〈x, y〉 over F4, which
is linearly generated over Z2 by 〈1, s〉 with s
3 = 1. The commutator map
Λ2Z42 → F4 coincides with the map between the second exterior power
of Z42, considered as Z2-space, and the second exterior power of the same
space, considered as F4-space. Thus SΛ is generated by elements [u, su]
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where u ∈ Z42 = F
2
4 . The space S has dimension 4 over Z2 and a basis
〈x, y, sx, sy〉. To finish the proof we will show that the elements
[x, sx], [y, sy], [x+ y, s(x+ y)], [x+ sy, s(x+ sy)]
are linearly independent over Z2. Indeed, this set is linearly equivalent
to
[x, sx], [y, sy], ([x, sy] + [y, sx]), ([x, y] + [x, sy] + [sy, sx]),
and the last one is linearly independent over Z2. Therefore, SΛ = S and
B0(Syl2(G4)) = 0, which implies that B0(G4) = 0. 
Theorem 5.4. The group B0(Syl2(G5)) = 0.
Proof. The group Syl2(G5) is a meta-Abelian 2-group. We are going to
use Lemma 2.10 in order to compute the group B0(Syl2(G5)).
The group Syl2(G5) is the group of upper-triangular Z2-matrices. It
is generated by the elements 〈ai,i+1〉, with i = 1, 2, 3. Here (ai,j) denotes
the matrix having 1’s on the main diagonal and 0’s everywhere else apart
from the (i, j)’th entry, which is equal to 1. Denote the group Syl2(G5)
by G to simplify the notations. The group [G,G] = Z32 is generated by
the elements 〈a1,3, a1,4, a2,4〉.
Lemma 5.5. The conditions of Lemma 2.10 are satisfied for the group
G = Syl2(G5).
Proof. The module Hom([G,G],Q/Z) = Z32. For simplicity, we will de-
note it by W . Denote the generators of the quotient A = G/[G,G] by
ai,i+1, i = 1, 2, 3, and the generators of W by a
∗
1,3, a
∗
1,4, a
∗
2,4, respectively.
The group A acts onW . The action of A is trivial on V = 〈a∗1,3, a
∗
1,4〉 ⊂
W , and on the quotient W/V = C. We have an exact sequence
H0(A,C)
δ
−→ H1(A, V ) −→ H1(A,W ) −→ H1(A,C).
Since the action of A is trivial on V and C, any element in H1(A, V ) and
H1(A,C) restricts nontrivially on some cyclic subgroup of A.
Now we have to prove the same for H1(A, V )/δH0(A,C). The group
H0(A,C) = Z2, and we denote the only nontrivial element in this group
by w. Denote the corresponding nontrivial element of H1(A, V ) by δw.
We have that A = Z32, V = Z
2
2 and H
1(A, V ) = A∗ ⊗ V . Thus we can
select generators 〈x1, x2, x3〉 of A and 〈v1, v2〉 of V so that either
• δw = x∗1 ⊗ v1, or
• δw = x∗1 ⊗ v1 + x
∗
2 ⊗ v2.
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Here 〈x∗1, x
∗
2, x
∗
3〉 is a basis for A
∗, such that x∗i (xj) = δi,j .
In order to finish the proof, we need the following lemma
Lemma 5.6. Let y ⊂ A∗ ⊗ V be a nonzero element such that y 6= δw.
Then there is a projection
py : A
∗ −→ Z2,(5.1)
such that the images of the elements δw and y under the induced projec-
tion A∗ ⊗ V → Z2 ⊗ V are different, and the image of y is nonzero.
Proof. Let y =
∑
bi,jx
∗
i ⊗ vj .
• If bi,j 6= 0 for (i, j) 6= (1, 1), then the projection of y on one of the
groups Z2x
∗
1 ⊗ V,Z2x
∗
2 ⊗ V, or Z2x
∗
3 ⊗ V is nonzero and different
from δw. Otherwise, y = δw which proves the result in the first
case.
• If b3,j 6= 0 for some j, then the restriction of y on Z2x
∗
3 ⊗ V is
nontrivial and nonequal to w.
• If either b1,2 or b2,1 is nonzero, then the restriction of y on either
Z2x
∗
1 ⊗ V or Z2x
∗
2 ⊗ V is nonzero and different from the corre-
sponding restriction of δw.
Therefore, we can assume that either
• y = x∗1 ⊗ v1, or
• y = x∗2 ⊗ v2.
In both cases, the restriction of y on Z2(x
∗
1 + x
∗
2) will be nonzero and
different from the restriction of δw. 
Thus if we take the subgroup p∗y : Z2 →֒ A, where p
∗
y is dual to the
map in (5.1), then the restriction of y on p∗yZ2 is nonzero in H
1(Z2,W ).
This finishes the proof of Lemma 5.5. 
Corollary 5.7. By Lemma 2.10, we obtain that B0(Syl2(G5)) is con-
tained in the image f ∗H2(A,Q/Z) where A is the maximal Abelian quo-
tient of Syl2(G5).
Now, in order to finish the proof of the triviality of B0(G) we have to
compute the groups f ∗H2(A,Q/Z) and S in the above case. Denote the
basis Z2-characters of the group Syl2(G5) by 〈a
∗
i,i+1〉, i = 1, 2, 3.
Lemma 5.8. The group f ∗H2(A,Q/Z) = Z2 and it is generated by an
element a∗1,2∧a
∗
3,4 which is nontrivial on the commutative group generated
by 〈a1,2, a3,4〉.
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Proof. The group H2(A,Q/Z) = Z32. Let us show that both elements
a∗1,2 ∧ a
∗
2,3 and a
∗
2,3 ∧ a
∗
3,4 belong to the kernel of f
∗. Consider two pro-
jections of Syl2(G5) onto a central extension of Z2 ⊕ Z2, which is the
upper-triangular group of 3× 3 matrices. The first one is given by delet-
ing the fourth column, and the second one by deleting the first row.
This shows that the elements a∗1,2 ∧ a
∗
2,3 and a
∗
2,3 ∧ a
∗
3,4 are trivial already
on the corresponding triangular groups, and hence they are trivial on
Syl2(G5). The group 〈a1,2, a3,4〉 is an Abelian B = Z2 ⊕ Z2-subgroup of
Syl2(G5). The element f
∗(a∗1,2∧a
∗
3,4) is nontrivial on B which shows that
a∗1,2 ∧ a
∗
3,4 6= 0, and it does not belong to B0(Syl2(G5)). 
Thus we proved in particular that B0(G5) = 0 which finishes the proof
of Theorem 5.4. 
Simultaneously we finished the proof of our main result.
Theorem 5.9 (Main). For every finite field Fq of order q and every
integer n > 2,
B0(PSL(n, Fq)) = 0.
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